In 1975, Melnikov conjectured that the edges and faces of each plane graph G may be colored with (G)+3 colors so that any two adjacent or incident elements receive di erent colors, where (G) is the maximum degree of G. Two similar, yet independent, proofs of this conjecture have been published recently by Waller (J. Combin. Theory Ser. B 69 (1997) 219) and Sanders and Zhao (Combinatorica 17 (1997) 441). Both proofs made use of the Four-Color Theorem. This paper presents a new proof of Melnikov's conjecture independent of the Four-Color Theorem.
Introduction
All graphs considered in this paper are ÿnite, loopless and without multiple edges unless otherwise stated. A plane graph G is a particular drawing in the Euclidean plane of a certain planar graph. For a plane graph G, we denote its vertex set, edge set, face set, order, maximum degree, and minimum degree by V (G); E(G); F(G); |G|; (G), and (G), respectively. We use N G (v) to denote the neighborhood in G of the vertex v. Let d G (v) denote the degree of v in G. For f ∈ F(G), we use b(f) to denote the boundary walk of f and write f = [u 1 u 2 · · · u n ] if u 1 ; u 2 ; : : : ; u n are the vertices on the boundary walk of f in the clockwise direction. The degree of a face is the number of edge-steps in the boundary walk. A vertex (or a face) of degree k is called a k-vertex (or k-face).
A plane graph G is called k-edge-face colorable if the elements of E(G) ∪ F(G) can be properly colored with k colors such that any two adjacent or incident elements receive di erent colors. The edge-face chromatic number ef (G) of a plane graph G is deÿned to be the least integer k such that G is k-edge-face colorable.
If G is k-edge-face colorable, then it is l-edge-face colorable for any integer l¿k by deÿnition. Since the edge-face chromatic number of a plane graph is the maximum of edge-face chromatic numbers of its components, we may suppose that the graphs considered in this paper are connected and with at least one edge. It should be noted that the edge-face chromatic number does not satisfy monotonicity, i.e., a proper subgraph H of a plane graph G may violate the inequality ef (H )6 ef (G): A simple example is the cube Q that satisÿes ef (Q) = 3 = (Q). However, if Q is the subgraphs of Q obtained by removing one vertex and Q * is a cycle of length 4, then ef (Q ) = 4 = (Q ) + 1 and ef (Q * ) = 4 = (Q * )+2. Let (G) denote the chromatic index of G, i.e., the least number k such that G has a proper edge coloring using k colors. Obviously, for every plane graph G, we have ef (G)¿ (G)¿ (G). In 1975, Melnikov [10] proposed the following.
Conjecture 1.
If a graph G is embedded into a surface S so that every face is a 2-cell, then the edges and faces of the resulting topological graph can be colored with at most (G) + 3 colors.
We are interested in the case when S is a plane, and rephrase Melnikov's conjecture as follows.
Conjecture 2.
If G is a plane graph, then ef (G)6 (G) + 3.
For a plane graph G with (G)62, it is easy to see that ef (G)65 and ef (G) = 5 if and only if G contains at least one odd cycle. In recent years, Conjecture 2 has been conÿrmed for plane graphs G with (G)63 [9, 17] , for (G) = 4 [19] , for (G)¿8 [2] , and for outerplane graphs [18] . Finally and independently, Waller [16] and Sanders and Zhao [11] settled Conjecture 2 in the a rmative. Their proofs employed the Four-Color Theorem, Vizing's edge coloring theorem [14] , and properties of list edge coloring of graphs. The purpose of this paper is to present an alternative proof of Conjecture 2 without using the Four-Color Theorem and Vizing's Theorem. The main tool is a structural theorem for plane graphs due to Borodin [3] . Because our approach is based on elementary properties of plane graphs, the proof is inevitably longer. However, it renders the extraordinarily di cult Four-Color Theorem dispensable in this context.
Preliminaries
By a powerful discharging technique, Borodin [3] established a structure theorem for plane graphs. For our purposes, we only need the following simpliÿed version of Borodin's theorem. In the statement of the theorem, a cycle of a plane graph G is called a separating cycle if both its interior and exterior contain at least one vertex of G. 
For a multigraph G and an integer k, we say that G is k-edge choosable if, for every family {L(e) | e ∈ E(G)} satisfying |L(e)|¿k for all e, we can ÿnd (e) ∈ L(e) such that (e) = (e ) for adjacent edges e and e . The list chromatic index of G,
for each x ∈ S and (y) = (z) for any pair of adjacent or incident elements y; z ∈ S. The notion of list coloring was independently introduced by Erdős, Rubin, and Taylor [5] and Vizing [15] . Clearly, a k-edge choosable graph must be k-edge colorable. However, the conjecture that every multigraph G is (G)-choosable remains open (see [1] ). A breakthrough occurred in 1995 when Galvin [6] settled the bipartite case.
Slivnik [13] gave an alternative proof of the above theorem. We shall use this theorem in Section 4 to prove a result about the edge-face chromatic number of bipartite graphs. Moreover, by a simple observation, we have the following. Lemma 5. Let C be a cycle of length 3 or more. Let L be an assignment that satisÿes |L(e)| = 2 for each edge e and L(e 1 ) = L(e 2 ) for some pair of consecutive edges e 1 and e 2 . Then C is L-edge colorable.
Lemma 6. Let C be a 4-cycle consisting of the edges e 1 ; e 2 ; e 3 ; e 4 in the clockwise direction and the inner face f. Let L be an assignment for E(C) ∪ {f} that satisÿes
Proof. Let us construct an L-coloring of C in each possible case (up to symmetry) as follows.
If L(e 1 ) ∩ L(e 3 ) = ∅, we ÿrst color both e 1 and e 3 with the same color from L(e 1 ) ∩ L(e 3 ). Then we can color e 4 ; f, and e 2 in succession. So we may suppose that
; 2} and L(e 1 ) = {3; 4; 5}.
We color f with some color from L(f) − (L(e 3 ) ∪ L(e 4 )) if it is nonempty. Now every e i has at least two colors to choose from. Since C is an even cycle, E(C) is 2-edge choosable by Theorem 4. Thus we assume that
We may suppose that L(f) = {1; 2; }, where ∈ L(e 4 ): We color f with the color . If L(e 4 ) − { } ⊂ L(e 3 ), we further color e 4 ; e 1 ; e 2 , and e 3 in succession. If
. So we can color e 4 ; e 3 ; e 2 , and e 1 in succession.
Proof of Conjecture 2
In order to prove Conjecture 2, we only need to prove the following Theorem 7. Let be a k-edge-face coloring of a plane graph G and its color set be C. For a vertex v ∈ V (G), let C (v) denote the subset of colors used on edges that are incident to v. If f 1 and f 2 are two faces of a plane graph G and e ∈ b(f 1 ) ∩ b(f 2 ), we use f 1 * f 2 to denote the face enclosed by the boundary (b(f 1 ) ∪ b(f 2 )) − e of the plane graph G − e.
Theorem 7.
If G is a connected plane graph with (G)¿3, then ef (G)6 (G) + 3.
Proof.
We proceed by induction on the order of G. Within each order, we use induction on the number of edges. If |G|65, the theorem holds by inspection. Assume that it holds for all plane graphs of order less than p where p¿6. Let G be a plane graph of order p with (G)¿3. By a well-known result of K onig [8] (also Theorem 13 in Section 4), our theorem holds if G is a tree. So we may assume that G has more than p − 1 edges. If G contains a 1-vertex v, then G − v is ( (G) + 3)-edge-face colorable by the induction hypothesis. Then a ( (G) + 3)-edge-face coloring of G can be derived easily from a ( (G)+3)-edge-face coloring of G −v. Thus we may suppose that (G)¿2. By Theorem 3, we have ÿve cases to deal with.
Case 1: The graph G contains a 2-vertex v incident to edges vu and vw and faces f 1 and f 2 such that no separating 3-cycle passes through v.
Since v does not belong to any separating 3-cycle, we may add the edge uw in, say, f 1 if neither f 1 nor f 2 is already a 3-face. Then let H = G − v + uw. By the induction hypothesis, H has a ( (G) + 3)-edge-face coloring that can be treated as a partial coloring of G. Then we color the edge uv with the color of uw. Now there exist at most (G) + 2 forbidden colors for the edge vw.
We next assume that f 1 is a 3-face and let H = G − vu. We ÿrst consider the case (2a). Since (G)¿5 in this case, the number of colors to be used is at least (G) + 3¿8. Since each 3-face of G has at most three adjacent faces and three incident edges, it can always be colored properly once these neighboring elements are colored. By the induction hypothesis, we have a ( (G) + 3)-edge-face coloring of G − uv with the color set C. We ÿrst remove the color of the face [uxvy] . If there is ∈ C − (C (u) ∪ C (v)), then we color the edge uv with . This condition holds if either (G)¿7 or C (u) ∩ C (v) = ∅. In the former case, we have the following.
In the latter case, we have the following.
Now we may assume that 56 (G)66 and
If e is one of the boundary edges of [uxvy], we use f e to denote the face adjacent to [uxvy] and sharing the same boundary edge e with [uxvy] . If there is at least one color, say , in C (u) which does not belong to C (x) ∪ { (f xv )}, then we color the edge uv with (xv) and change the color of xv to . If such does not exist, then
We remove the color (ux) from ux and use it to color uv. If (i) (f ux ) = ∈ C (v) or (ii) (f ux ) ∈ C (v) and d G (x)65, then there is at least one color, say ÿ, in C (v) which is not in C (x) ∪ { (f ux )}. We can color ux with ÿ. If (f ux ) ∈ C (v) and d G (x) = 6, then we have at least nine colors available and eight colors forbidden for ux, hence ux can be colored properly. Now we deal with the case (2b). Since (G)¿4, we have |C| = (G) + 3¿7. Consequently, we have the following inequalities:
We can color the edge uv with some color from C − (C (u) ∪ C (v)) once the color of [uxvy] is removed.
Case 3: The graph G contains a 3-face [xuv] such that either (3a) d G (u) = 4 and
If e is one of the boundary edges of [xuv], we use f e to denote the face adjacent to [xuv] and sharing the same boundary edge e with [xuv] . By the induction hypothesis, we have a ( (G) + 3)-edge-face coloring of G − uv with the color set C. We modify to become a partial edge-face coloring of G by coloring the face f uv with the color of f uv * [xuv] . Note that (f uv ) = ∈ { (xu); (vx)}. For the case (3a), we have at least (G) + 3¿9 colors available when (G)¿6. There are at most eight colors forbidden for uv. 
It follows that uv can be colored properly. Now we may assume that C (u) ∩ C (v) = ∅. Suppose that C (u)={ ; ÿ; (xu)}. We may let be di erent from (f vx ). If = ∈C (x), then we can color uv with the color (vx) and change the color of vx into . Finally suppose that ∈ C (x). We remove the color (xu) from xu and use it to color uv. Now there are at most (G) + 2 forbidden colors for xu. Hence xu can be colored properly.
Let us consider case (3b). If (G)¿4, then there are at most (G) + 2 colors forbidden for the edge uv and six colors forbidden for the face [xuv] . Since there are at least (G) + 3 colors available, a desired coloring can be constructed.
If (G) = 3, then we have six colors available. We modify to become a partial edge-face coloring of G by removing the colors of xu and vx and coloring the face f uv with the color of f uv * [xuv] . Now each of the three edges uv; vx, and xu and the face [xuv] has at least three available colors to choose from. Also note that the available colors for each of the three edges can be made not all identical by changing, if necessary, the color of the edge uu , where u = ∈ {x; v}. Therefore, by Lemma 5, a 6-edge-face coloring of G can be constructed. If (G)¿6, we can extend easily to uv, then to [uvxy] . If (G) = 5, we ÿrst remove the color of uy. Let w ∈ N G (u) − {v; y}. Since both uv and uy are yet to be colored, there are at least two colors available for uw. Once a color of uw, say , is chosen, each of uv and uy has a set of two colors to choose as does the face [uvxy] . If the two-sets of colors available for uv, for uy and for [uvxy] are identical, we change the choice of color for uw; this changes the two-sets available for uv and uy but leaves the choices for [uvxy] una ected. In summary, the two-sets of colors for uv; uy, and [uvxy] are non-identical. Since the adjacency and incidence relations among uv; uy, and [uvxy] form a triangle, they can be colored properly by Lemma 5. If (G) = 4, we remove colors of the edges vx; xy, and yu. Now there are at least three colors available for uv; yu, and [uvxy] and two colors available for vx and xy. By Lemma 6, these elements can be colored properly.
If (G) = 3, we ÿrst remove colors of the edges vx; xy, and yu, then color the face [uvxy] with some available color. Now there are at least two colors available for the edges uv; vx; xy, and yu. It follows from Theorem 4 that they can be colored properly.
Case 5: The graph G contains a 5-face [uvxyz] 
Let f denote the face of G adjacent to [uvxyz] and sharing the edge uv with [uvxyz] . By the induction hypothesis, we have a ( (G) + 3)-edge-face coloring of G − uv. We modify to color f with the color (f * [uvxyz]). We remove the colors of vx; xy; yz, and zu. Since there are at least six colors, we may color [uvxyz] with some available color.
If (G)¿4, then (G) + 3¿7. Since each of the edges yz and zu has at most (G) + 1 forbidden colors and each of the edges uv; vx, and xy has at most six forbidden colors, we are able to color yz; zu; uv; vx, and xy successively.
If (G) = 3, similarly to case 4, we can argue that there are at least two colors available for each of the edges uv; vx; xy; yz, and zu and there are two consecutive edges that have distinct sets of colors to choose. By Lemma 5, these edges can be colored properly.
( + 2)-edge-face chromatic graphs
Sanders and Zhao [11] actually proved that every plane graph G with (G)¿8 is ( (G) + 2)-edge-face colorable. And they conjectured that odd cycles are the only plane graphs that require + 3 colors. An equivalent formulation of their conjecture is the following. Here we list some previous results which can be regarded as positive evidence for this conjecture.
Theorem 9 (Sanders and Zhao [12] ). For a plane graph G with (G) = 3; ef (G)65. (Borodin [2] ). Let G be a plane graph with (G)¿10, then ef (G)6 (G) + 1 and the bound is sharp.
Theorem 10
Theorem 11 (Wang Weifan [18] and Wang Weifan and Zhang Kemin [20] ). Let G be an outerplane graph. Then
Moreover, ef (G) = (G) if and only if there is a matching M in G that covers every vertex of degree (G) and M consists of edges not lying on the outer face.
An independent proof of statement (2) when (G)¿6 appeared in [4] .
Theorem 12 (Zhang Zhongfu et al. [21] ). Let G be a maximal plane graph. Then The main result of this section is to prove that Conjecture 8 holds for all plane bipartite graphs. Our proof does not use the Four-Color Theorem. We need the following well-known results.
Theorem 13 (K onig [8] ). For a simple bipartite graph G; (G) = (G). (Heawood [7] ). Every plane graph is 5-face colorable.
Theorem 14

Theorem 15.
If G is a plane bipartite graph with (G)¿3, then ef (G)6 (G) + 2:
Proof. Write = (G). By Theorem 13, we ÿrst color the edges of G with the colors 1; 2; : : : ; . Let S denote the set of edges whose colors are − 2; − 1, and . Then we remove the colors from all edges in S. By Theorem 14, we construct a 5-face coloring of G using the color set C = { − 2; − 1; ; + 1; + 2}. For every e ∈ S, we denote by B(e) the subset of colors in C occurred on the faces incident to e under this 5-face coloring. Obviously, 16|B(e)|62 and |B(e)| = 2 if and only if e is not a cut edge of G. Deÿne the assignment L(e) = C − B(e) for each edge e ∈ S. Thus |L(e)| = |C| − |B(e)|¿3. Since G is bipartite, so is the subgraph G The upper bound +2 in Theorem 15 is sharp. However, cycles of even length seem to be the only graphs that require + 2 colors. We conclude this paper by proposing the following conjecture and noting that it is best possible since trees attain the upper bound.
Conjecture 16.
If G is a plane bipartite graph with (G)¿3, then ef (G)6 (G) + 1:
